Abstract. Let G be a reductive algebraic group and H a closed subgroup of G. Explicit constructions of G-invariant ideals in the algebra K[G/H] are given. This allows to obtain an elementary proof of Matsushima's criterion: a homogeneous space G/H is an affine variety if and only if H is reductive.
Algebraic homogeneous spaces
Let G be an affine algebraic group over an algebraically closed field K. A Gmodule V is said to be rational if any vector in V is contained in a finite-dimensional rational G-submodule. Below all modules are supposed to be rational. By V G denote the subspace of G-fixed vectors in V .
The group G × G acts on G by translations, (g 1 , g 2 )g := g 1 gg
−1
2 . This action induces the action on the algebra of regular functions on G:
1 gg 2 ). For any closed subgroup H of G, H l , H r denote the groups of all left and right translations of K[G] by elements of H. Under these actions, the algebra K[G] becomes a rational H l -(and H r -) module.
By Chevalley's Theorem, the set G/H of left H-cosets in G admits a structure of a quasi-projective algebraic variety such that the projection p : G → G/H is a surjective G-equivariant morphism. Moreover, a structure of an algebraic variety on G/H satisfying these conditions is unique. It is easy to check that the morphism p is open and the algebra of regular functions on G/H may be identified with the subalgebra
. We refer to [6, Ch. IV] for details.
Matsushima's criterion
Let G be a reductive algebraic group and H a closed subgroup of G. It is known that the homogeneous space G/H is affine if and only if H if reductive. The first proof was given over the field of complex numbers and used some results from algebraic topology, see [8] and [9, Th. 4 ]. An algebraic proof in characteristic zero was obtained in [2] . A characteristic-free proof that uses the Mumford conjecture proved by W.J. Haboush is given in [11] . Another proof based on the MorozovJacobson Theorem may be found in [7] .
Below we give an elementary proof of Matsushima's criterion in terms of representation theory. The ground field K is assumed to be algebraically closed and of characteristic zero. Theorem 2.1. Let G be a reductive algebraic group and H its closed subgroup. Then the homogeneous space G/H is affine if and only if H is reductive.
Proof. We begin with the "easy half". Proposition 2.2. Let G be an affine algebraic group and H its reductive subgroup. Then G/H is affine.
Proof. If a reductive group H acts on an affine variety X, then the algebra of invariants K [X] H is finitely generated, the quotient morphism π :
H is surjective and any fiber of π contains a unique closed H-orbit [10, Sec .4.4] . In the case X = G this shows that G/H is isomorphic to Spec K[G] Hr .
Now assume that G is reductive and consider a decomposition
where the first component corresponds to constant functions on G, and the second one is the sum of all simple non-trivial
Hr and K[G] Hr does not contain proper G l -invariant ideals. Thus I(G, H) = 0. Our aim is to deduce from this that any H-module is completely reducible.
(2) Any n-dimensional H-module W may be embedded (as an H r -submodule)
n . (3) Any finite-dimensional H-module may be embedded (as an H-submodule) into a finite-dimensional G-module. λ 1 , . . . , λ n be a basis of W * . The embedding may be given as 
Lemma 2.7. Any H-module is completely reducible.
Proof. Assume that W 1 is a simple submodule in an H-module W . Consider two submodules in the H-module End(W, W 1 ):
Clearly, L 2 is a hyperplane in L 1 . Consider an H-eigenvector l ∈ (L 1 ) * corresponding to L 2 . Taking the tensor product with a one-dimensional H-module, one may assume that l is H-fixed. By Lemma 2.6, (L 1 ) * = l ⊕ M , implying L 1 = L 2 ⊕ P , where M and P are H-submodules. Then Ker P is a complementary submodule to W 1 .
Theorem 2.1 is proved.
Remark 2.8. In [13] , for any action G : X of a reductive group G on an affine variety X with the decomposition
was introduced and the kernel of this product was considered. Our ideal I(G, H) is such kernel in the case
Hr is finitely generated.
Remark 2.9. For convenience of the reader we include all details in the proof of Theorem 2.1. Lemma 2.4 and Lemma 2.5 are taken from [3] . They show that for a quasi-affine G/H any H-module may be realized as an H-submodule of a G-module. The converse is also true [3] , [4] . Proposition 2.2 is a standart fact. The proof of Lemma 2.7 is a part of the proof of the Weyl Theorem on complete reducibility [5] , see also [12, Prop. 2.2.4].
Some additional remarks
The following lemma may be found in [2] .
Lemma 3.1. Let G be an affine algebraic group and H its reductive subgroup.
Hr does not contain proper G l -invariant ideals.
Proof. Consider a decomposition
Hr is the sum of all non-trivial simple
By Hilbert's Theorem on invariants, the algebra K[G]
Hr is finitely generated. It is easy to see that functions from
Hr separate (closed) right H-cosets in G. These observations and Lemma 3.1 give another proof of Proposition 2.2. Moreover, it is proved in [2, Prop. 1] that for a quasi-affine G/H the algebra K[G]
Hr does not contain proper G l -invariant ideals if and only if G/H is affine. Now assume that G is reductive.
Hr , i ∈ I. This implies I ⊆ I(G, H).
Remark 3.3. For non-reductive G the biggest invariant ideal in K[G]
Hr may not exist. For example, one may take
, and the maximal ideals (x 1 − a, x 2 , x 3 ) are G l -invariant for any a ∈ K.
The boundary ideal
In this section we assume that H is an observable subgroup of G, i.e., G/H is quasi-affine.
If the algebra K[G] Hr is finitely generated, then the affine
Hr has an open G-orbit isomorphic to G/H and may be considered as the canonical embedding G/H ֒→ X. Moreover, this embedding is uniquely characterized by two properties: X is normal and codim X (X \ G/H) ≥ 2, see [4] . There are two remarkable
Hr , namely
and, if G is reductive, the ideal
Hr . By Proposition 3.2,
Sr , where S is a minimal reductive subgroup of G containing H. (Such a subgroup may be not unique, but all of them are Gconjugate, see [1, Sec. 7] .) It follows from the Slice Theorem [7] and [1, Prop. 4] that I b (G, H) = I m (G, H) if and only if H is a quasi-parabolic subgroup of a reductive subgroup of G.
Now assume that K[G]
Hr is not finitely generated. If G is reductive, then I(G, H) may be consider as an analog of I m (G, H) in this situation (Proposition 3.2). We claim that I b (G, H) also has an analog, even for non-reductive G. 
